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Abstract
Let A be the ring of elements in an algebraic function field K over a fi-
nite field Fq which are integral outside a fixed place ∞. In an earlier paper
we have shown that the Drinfeld modular group G = GL2(A) has automor-
phisms which map congruence subgroups to non-congruence subgroups. Here
we prove the existence of (uncountably many) normal genuine non-congruence
subgroups, defined to be those which remain non-congruence under the action
of every automorphism of G. In addition, for all but finitely many cases we
evaluate ngncs(G), the smallest index of a normal genuine non-congruence
subgroup of G, and compare it to the minimal index of an arbitrary normal
non-congruence subgroup.
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Introduction
An important point in the theory of the classical modular group is the free product
decomposition
PSL2(Z) ∼= Z/2Z∗Z/3Z.
1The second author was supported by the National Research Foundation of Korea (NRF) grant
funded by the Korean government (MSIP) (ASARC, NRF-2007-0056093).
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As a consequence, every finite group H that can be generated by an involution and
an element of order 3 can be obtained as quotient group H ∼= SL2(Z)/N for a
normal finite index subgroup N of SL2(Z). Taking the compact Riemann surfaces
that are the quotients of the extended complex upper half-plane by N resp. SL2(Z)
one obtains a Galois cover of P1(C) with prescribed Galois group H . Some of these
quotients also furnish examples of Riemann surfaces whose automorphism group is
big compared to their genus.
Now for congruence subgroups N , the composition factors of SL2(Z)/N can only
be cyclic or PSL2(Fp). So for most H the group N necessarily is a non-congruence
subgroup.
For the analogue in positive characteristic, let K be an algebraic function field of
one variable with constant field k = Fq. As usual we assume that k is algebraically
closed in K. Let ∞ be a fixed place of K of degree δ and let A be the ring of all
those elements of K which are integral outside ∞. The simplest example: If K is a
rational function field over k and δ = 1, then A ∼= k[t], a polynomial ring over k.
Our focus of attention here are the Drinfeld modular groups G = GL2(A). These
groups play a central role [G2] in the theory of Drinfeld modular curves, analogous
to that of the classical modular group SL2(Z) in the theory of modular curves and
modular forms.
From the quotients of the Drinfeld upper half-plane by finite index subgroups N
of G one obtains algebraic curves in positive characteristic. If N is normal in G and
contains the center Z of G, then G/N is a subgroup of the automorphism group of
that curve. Again, depending on what one would want G/N to be, in most cases N
has to be a non-congruence subgroup of G. (See Lemma 2.5).
In an earlier paper [MS3] we have shown that SL2(A) has automorphisms which
map (some) congruence subgroups to non-congruence subgroups. Such automor-
phisms can be readily extended to G (Theorem 2.2). They were originally intro-
duced for the special case A = k[t] by Reiner [R]. We extend a terminology used in
[MS3].
Definition. We call an automorphism Ψ of an arithmetic group X non-standard
if there exists a congruence subgroup C of X such that Ψ (C) is non-congruence.
Otherwise Ψ is called standard.
Non-standard automorphisms have been used in [MS3] to construct many non-
congruence subgroups with prescribed properties. However, by construction, these
non-congruence subgroups are subject to the same group-theoretic restrictions as
congruence subgroups. In particular, if such a group N is normal, the possible
composition factors of G/N are known (Lemma 2.5). So if we want, just as an ex-
ample, the simple group A7 to be among these composition factors, then N cannot
be a congruence subgroup or obtained from one by a non-standard automorphism.
What we need must be a “genuine” non-congruence subgroup in the following sense.
2
Definition. Let S be a non-congruence subgroup of an arithmetic group X . We
call S genuine if and only if Ψ (S) is a non-congruence subgroup, for all Ψ ∈ Aut(X).
Actually, using composition factors of G/N that cannot occur for congruence sub-
groups, the existence of genuine non-congruence subgroups of Drinfeld modular
group can be proved relatively easily from known results.
Theorem A. With every G there corresponds a finite set of A-ideals S = S(G)
with the property that, for all q /∈ S, there exist infinitely many normal genuine
non-congruence subgroups N for which
ql(N) = q,
where ql(N) is the quasi-level of N .
The definition of the quasi-level of a subgroup of G extends the classical defini-
tion of the level of a subgroup (originally applied to the modular group SL2(Z)
or PSL2(Z)). The existence of uncountably many normal genuine non-congruence
subgroups of any G follows in similar way from an earlier result of Lubotzky [L,
Theorem A(ii)] which states that G always has a finite index subgroup mapping
onto the free group of rank 2. Lubotzky uses this result to prove [L, Theorem B(ii)]
that Fˆω, the free profinite group on countably many generators, is a closed subgroup
of C(SL2(A)), the congruence kernel of SL2(A). The relationship between Fˆω and
C(SL2(A)) is further explored in [M3] and [MPSZ].
In previous papers [M4], [MS1], [MS2] we determined the smallest index of a non-
congruence subgroup of SL2(A). Here we turn our attention to ngncs(G), the small-
est index of a normal genuine non-congruence subgroup ofG. Our second main result
(in Section 5) is the following.
Theorem B. In all but finitely many cases
ngncs(G) = m(G) = 2,
where m(G) is the smallest index of a proper subgroup of G.
Note that this implies that the minimal index of a (not necessarily normal) gen-
uine non-congruence subgroup is then also 2. We also determine ngncs(G) for a
number of cases for which Theorem B does not hold. In particular, for the very
important special case where A is a polynomial ring Fq[t] we are able to show that
ngncs(G) is strictly bigger than the minimal index of a normal non-congruence sub-
group of G. See Section 6 for more and more precise results.
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Although non-standard automorphisms exist for every Drinfeld modular group this
is not true for other important arithmetic groups like SL2(Z) and the Bianchi groups
SL2(O), where O is the ring of integers in an imaginary quadratic number field. For
these groups their automorphisms are known [HR], [SV] to be “standard”. So for
them the definition of a genuine non-congruence subgroup is redundant, i.e. all their
non-congruence subgroups are genuine.
Other known results in characteristic zero include the following. It is known [D,
Proposition 4.3] that SL2(Z) is a characteristic subgroup of GL2(Z) which, in view
of [HR], implies that every non-congruence subgroup of GL2(Z) is genuine. It is
worth noting that results for congruence subgroups of groups of type SL2 and GL2
do not necessarily apply to the corresponding projective groups PSL2 and PGL2.
For example it is known that every non-congruence subgroup of PSL2(Z) is genuine
by [D, Corollary 4.4 (2)]. On the other hand, it is also known [JT] that PGL2(Z) has
a non-standard automorphism which therefore cannot fix PSL2(Z). Hence PSL2(Z)
is not characteristic in PGL2(Z).
Notation
k = Fq the finite field of order q = pn;
K an algebraic function field of one variable with constant field Fq;
g = g(K) the genus of K;
∞ a chosen place of K;
δ the degree of the place ∞;
ν the discrete valuation of K defined by ∞;
T the Bruhat-Tits tree of GL2(K∞);
A the ring of all elements of K that are integral outside ∞;
G the group GL2(A);
Γ the group SL2(A);
Z the centre of G;
X the groups G, Γ .
1. Subgroups defined by ideals
Let q be an A-ideal. It is known that A/q is finite, when q is non-zero. We recall
that by the well-known product formula ν(a) ≤ 0, for all a ∈ A, and that ν(a) = 0
if and only if a ∈ k∗.
For each α, β ∈ k∗, a ∈ A, we put
L(α, β, a) :=
[
α a
0 β
]
and
T (a) := L(1, 1, a) =
[
1 a
0 1
]
.
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For every subset S of A we put
T (S) := {T (s) : s ∈ S}.
For each subgroup H of G and g ∈ G we denote the conjugate gHg−1 by Hg.
Definition. We define the quasi-level of H to be
ql(H) := {h ∈ A : T (h) ∈ Hg, for all g ∈ G} .
The level of H is the biggest A-ideal contained in ql(H).
Clearly ql(H) is an additive subgroup of A and, by considering conjugates by the
elements diag(α, 1), where α ∈ k∗, it is clear that it is also a vector space over k.
In [MS3] the “quasi-level” of H ≤ Γ is defined to be
ql(H)∗ := {h ∈ A : T (h) ∈ Hg, for all g ∈ Γ} .
It is easily shown that the definitions are equivalent.
Lemma 1.1. ql(H)∗ = ql(H).
Proof. Clearly ql(H) ≤ ql(H)∗. By conjugating with the matrices diag(α, α−1)
and using the fact that every element in a finite field is a sum of two squares, it
follows that ql(H)∗ is a vector space over k.
Now let h ∈ ql(H)∗ and g ∈ G. Then g = dg′, where d = diag(β, 1) (with β ∈ k∗)
and g′ ∈ Γ . Then, from the above, T (hβ−1) ∈ Hg
′
and so T (h) = dT (hβ−1)d−1 ∈
Hg. 
We define the Borel subgroup of G
B2(A) = G∞ = {L(α, β, a) : α, β ∈ k
∗, a ∈ A} .
Definition. For every ideal q of A we define
∆(q) := the normal subgroup of Γ generated by T (q).
A subgroup H of G is said to have non-zero level if ∆(q) ⊆ H , for some q 6= {0}.
Otherwise H is said to have level zero.
As in the proof of Lemma 1.1 one shows that ∆(q) is also normal in G. So ∆(q) can
also be defined as the normal subgroup of G generated by T (q).
Definition. Let
Γ (q) = {M ∈ Γ :M ≡ I2 (mod q)} .
5
A subgroup C of G is said to be a congruence subgroup if Γ (q′) ≤ C, for some
q′ 6= {0}. Such a subgroup is necessarily of finite index in G. A finite index subgroup
of G which is not congruence is a called a non-congruence subgroup.
We will make use of the following properties of these subgroups. The first [B,
(9.3) Corollary, p.267] plays an important role in determining whether or not a fi-
nite index subgroup of G is congruence (the so-called congruence subgroup problem).
Lemma 1.2. Let q1, q2 be A-ideals, where q2 6= {0}. Then
∆(q1).Γ (q2) = Γ (q1 + q2).
From this one easily obtains the following classical criterion for being a congruence
subgroup.
Corollary 1.3. Let H be a subgroup of G with ∆(q) ⊆ H for some non-zero
ideal q of A. Then H is a congruence subgroup if and only if H contains Γ (q).
Proof. If H is a congruence subgroup, then by definition it contains Γ (q′) for
some non-zero ideal q′. So by Lemma 1.2 it contains Γ (q+q′), which contains Γ (q).
The converse is clear. 
In view of this criterion, the existence of non-congruence subgroups of non-zero
level is a consequence of the following result.
Lemma 1.4. There exists an epimorphism
Γ (q)/∆(q)։ Fr,
where Fr is the free group of (finite) rank r = r(q) = rkZ(Γ (q)), the torsion-free
rank of the abelianization of Γ (q). Moreover
r(q)→∞ as A/q→∞.
Proof. Let Λ(q) be the subgroup of G generated by Γ (q)∩Gv, for all v ∈ vert(T ).
Then Λ(q)EG and, from the theory of groups acting on trees [Se, Corollary 1, p.55],
it is known that
Γ (q)/Λ(q) ∼= Fr(q),
the fundamental group of the quotient graph Γ (q)\T , which is known [Se, Corollary
4, p.108] to have finite rank r(q). Again from the presentation [Se, p.42] of Γ (q)
derived from its action on T , together with [Se, Proposition 2, p.76], it follows that
Λ(q) is the subgroup of Γ (q) generated by its torsion elements. Hence ∆(q) ≤ Λ(q).
Given q1 and any q2 for which q2 ≤ q1, it is clear that Fr(q2) ≤ Fr(q1) ∩ Γ (q2). By
means of the Schreier formula we can always choose q2 such that r(q2) > r(q1). 
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2. Non-standard automorphisms
For each non-negative integer n, we put
A(n) := {x ∈ A : ν(x) ≥ −n}.
Then A(n) is a finite-dimensional vector space over k, whose dimension is determined
by the Riemann-Roch Theorem. (See [St, Theorem 1.5.15, p.30].) Obviously k ⊆
A(n). In particular A(0) = k, by [St, Corollary 1.1.20, p.8].
We put
Gn := {L(α, β, a) : α, β ∈ k
∗, a ∈ A(n)}.
Then Gn is a finite subgroup of G. We note that
G∞ =
⋃
n≥0
Gn.
Serre’s decomposition theorem [Se, Theorem 10, p.119] shows that G∞ is a (non-
trivial) factor in a decomposition of G as an amalgamated product of a pair of its
subgroups. See [MS3, Theorems 2.1, 2.2].
Theorem 2.1. Let n be the smallest non-negative integer for which
δn ≥ 2g − 1.
Then there exists a subgroup H of G, such that
G = G∞ ∗
L
H,
where L = Gn0. Moreover
dimk(A(n0)) = n0 δ + 1− g.
Note that n0 = 0 when g = 0. Otherwise n0 > 0.
Definition. Let φ : A → A by any k-automorphism of the k-vector space A
which fixes the elements of A(n0) (including k). Then φ induces an automorphism
Φ of G∞ defined by
Φ : L(α, β, a) 7−→ L(α, β, φ(a)),
where α, β ∈ k∗, a ∈ A.
The following is an immediate consequence of Theorem 2.1.
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Theorem 2.2. Let φ be any k-automorphism of A which fixes the elements of
A(n0). The map
Φ(g) =
{
L(α, β, φ(a)) , g = L(α, β, a) ∈ G∞
g , g ∈ H
extends to an automorphism of G (and Γ ).
As shown in [R] and [MS3] in most cases such an automorphism is non-standard.
Standard automorphisms include inner automorphisms, the contragredient mapM 7→
(MT )−1, twists with certain determinant characters, i.e. M 7→ χ(det(M))M where
χ : k∗ → k∗ is a group homomorphism (with the property that χ(α2) = α−1 if and
only if α = 1), or automorphisms derived from ring-automorphisms of A. Such a
ring-automorphism ψ of A induces the automorphism Ψ of G, defined by
Ψ :
[
a b
c d
]
7→
[
ψ(a) ψ(b)
ψ(c) ψ(d)
]
.
Clearly every such ring-automorphism maps A-ideals to A-ideals.
Also note that the standard automorphism of GL2(Fq[t]) induced by the ring
automorphism t 7→ t+1 of Fq[t] can also be obtained via the construction in Theorem
2.2 from a suitable Fq-vector space automorphism φ. This shows that not every
automorphism in Theorem 2.2 is necessarily non-standard.
For the case A = Fq[t] it is known [R] that the standard automorphisms listed
above together with the automorphisms from Theorem 2.2 generate Aut(G). This
is the only case for which Aut(G) is known.
We record two obvious properties.
Lemma 2.3. For every subgroup S of G and any automorphism Φ of G defined
by φ (as in Theorem 2.2) we have
ql(Φ(S)) = φ(ql(S)).
In particular
ql(Φ(S)) = A⇔ ql(S) = A.
Note however that an arbitrary automorphism of G or Γ need not map subgroups
of quasi-level A to subgroups of quasi-level A.
Example 2.4. Let
A = F2[x, y] with y2 + xy = x3 + x2 + x.
Then by the results of Takahashi [T] we have
GL2(A) ∼= ∆(∞)∗∆(0)∗∆(1)
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in the notation of [MS2, Theorem 5.3] (not of Section 1 of the current paper).
Explicitly, ∆(1) ∼= Z/3Z and
∆(∞) = GL2(F2) ∗
B2(F2)
B2(A)
and ∆(0) is isomorphic (as an abstract group) to ∆(∞). So there is a an automor-
phism σ of GL2(A) that interchanges ∆(0) and ∆(∞).
From the free product we can construct normal finite index subgroups H contain-
ing ∆(0) and ∆(1) with practically any prescribed quasi-level. Then σ(H) contains
∆(∞), and hence has quasi-level A.
Before proceeding we require a further definition.
Definition. For each ideal q let
Z(q) = {X ∈ G : X ≡ αI2 (mod q) for some α ∈ A} .
It is clear that Z(q)/Γ (q2) is abelian.
Lemma 2.5. Let N be a normal congruence subgroup of index n in G and let
Ψ be any automorphism of G. Then the (simple) factors in a composition series
of G/Ψ (N) are either cyclic of prime order or are isomorphic to some PSL2(Fqs),
where s ≥ 1.
Moreover, if the level of N is divisible by a prime p with |A/p| > 3, then at least
one factor in this composition series is of the latter type.
Proof. It is known [M2, Theorem 3.14] that, for some non-zero ideal q0
Γ (q20a
2) ≤ N ≤ Z(q0),
where a is the product of all prime ideals of A of index 2 or 3. If none exists we put
a = A. We may confine our attention therefore to the composition factors of the
groups Z(q)/Γ (q2a2) and Z(q)/Z(qp), where p as usual is prime.
We write a = a1a2, where a1 + q = A and a2 divides q. From standard results (like
Lemma 1.2) it follows that
Γ (q)/Γ (q2a2) ∼= (Γ (q)/Γ (q2a22))×
∏
p|a1
Γ/Γ (p2).
Now the first group in the decomposition is metabelian from above and each Γ/Γ (p2)
is a soluble group of order m4(m2 − 1), where m = 2, 3.
We now consider the group Γ (q)/Γ (qp). If p divides q it is abelian. On the other
hand if p+ q = A then
Γ (q)/Γ (qp) ∼= Γ/Γ (p) ∼= SL2(Fqs),
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where Fqs = A/p. The first part follows.
Under the condition of the second statement we have
N ≤ Z(p)
again by [M2, Theorem 3.14]. We note that
G/Z(p) →֒ PGL2(Fqs),
where Fqs = A/p. It is well-known that PSL2(Fqs) is contained in this embedding.
When qs > 3 the latter group is simple. The second part follows. 
If q > 3, the condition in the second statement of Lemma 2.5 is of course automatic
for all congruence subgroups except those containing Γ . We record a restricted ver-
sion of this lemma.
Lemma 2.6. Let N be a proper normal congruence subgroup of Γ and let Ψ be
any automorphism of Γ . Then the factors in a composition series of Γ/Ψ (N) are as
in Lemma 2.5. Moreover if the level of N is divisible by a prime p with |A/p| > 3,
then at least one factor in this composition series is of the latter type.
3. Genuine non-congruence subgroups
Notation. For the remainder of this paper X will always denote G or Γ .
Definition. A finite index subgroup S ofX is said to be a genuine non-congruence
subgroup of X if Ψ (S) is a non-congruence subgroup, for all Ψ ∈ Aut(X).
The following straightforward result enables us in many instances to assume that a
given genuine non-congruence subgroup is normal.
Lemma 3.1. A finite index subgroup of X is a genuine non-congruence subgroup if
and only if its core in X is a genuine non-congruence subgroup of X.
Remark 3.2. Note however that we cannot be sure whether a genuine non-
congruence subgroup H of Γ automatically is a genuine non-congruence subgroup
of G, as theoretically G might have non-standard automorphisms (other than those
discussed in Theorem 2.2) that do not respect Γ .
Similarly, if N is a (normal) genuine non-congruence subgroup of G, we cannot be
sure whether N ∩ Γ is a genuine non-congruence subgroup of Γ , as theoretically
there might be automorphisms of Γ that do not extend to automorphisms of G.
We now make use of Lemma 1.4 to prove the existence of genuine non-congruence
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subgroups.
Theorem 3.3. For all but finitely many q there exist infinitely many normal genuine
non-congruence subgroups N of X for which
ql(N) = q.
Proof. By Lemma 1.4 there exists an epimorphism
Γ (q)/∆(q)։ F2,
for all but finitely many q. We note that if M is a finite index subgroup of X and
∆(q) ≤M  Γ (q),
then M is non-congruence by Corollary 1.3.
Let H be any finite group that can be generated by 2 elements and that has a
non-cyclic simple composition factor that is not isomorphic to any PSL2(Fqs). For
example, we can always take H = Sn with n ≥ 7. Or if q is different from 2, 4, 5,
we can even take H = A5 ∼= PSL2(F5) ∼= PSL2(F4). Then there exists M ≤ Γ (q),
where M ≥ ∆(q), for which
Γ (q)/M ∼= H.
Let N be the core of M in X . Then ∆(q) ≤ N ≤ Γ (q) so that ql(N) = q. In
addition N is genuine by Lemmas 2.5, 2.6. 
The subgroups in Theorem 3.3 have all non-zero level. By an earlier method we
can prove the following.
Theorem 3.4. There exist uncountably many normal genuine non-congruence sub-
groups of X of level zero.
Proof. As in the proof of Theorem 3.3 we choose q and N E X so that ∆(q) ≤
N ≤ Γ (q) and A7, say, is a factor in the composition series of X/N . Now choose
an ideal q0 so that A = V0 ⊕ q0, where V0 is a finite-dimensional space containing
A(n0) (from Theorem 2.1).
Now, if q1 ≤ q2 and q1 6= {0}, then the natural map
Γ (q1)/∆(q1) −→ Γ (q2)/∆(q2)
is surjective by Lemma 1.2. So replacing q with q ∩ q0 we may assume that q = q0.
Let W be one of the uncountably many subspaces of A not containing any non-zero
A-ideal for which A = V0 ⊕W . Then we can find a non-standard isomorphism Φ of
X for which ql(Φ(N)) = W . 
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However as we now show many genuine non-congruence subgroups of X of quasi-
level A do exist. Let
XV = 〈Xv : v ∈ vert(T )〉 .
By [Se, Proposition 2, p.76] XV is the subgroup of X generated by all its torsion
elements and so is invariant under every automorphism ofX . It follows that ∆(A) ≤
XV . In addition
X/XV ∼= Fr(X),
where Fr(X) is the fundamental group of the quotient graph X\T . See [Se, Corollary
1, p.55]. The rank r(X) is known to be finite [Se, Corollary 4, p.108]. In particular
r(X) = 0 if and only if X\T is a tree. Moreover there are formulae for r(X) involv-
ing δ, q and values of the L-polynomial of K ([G1], [G2, p.73], or see [MS1, p.33].)
From these it is clear that, for any fixed g, r(X)→∞, as δ, q →∞.
It is clear that r(Γ ) ≥ r(G). The rank zero cases are known precisely [MS1, Theorem
2.10]. For convenience we record them.
Theorem 3.5.
(i) r(G) = 0 if and only if (g, δ) = (1, 1), (0, 1), (0, 2) or (0, 3).
(ii) r(Γ ) = 0 if and only if (g, δ) = (0, 1), (0, 2) or (when q is even) (0, 3), (1, 1).
Lemma 3.6. Let S be any proper finite index subgroup of X containing XV . Then
S is a genuine non-congruence subgroup of X with ql(S) = A.
Proof. Recall that Ψ (XV ) = XV for all Ψ ∈ Aut(X). Any congruence subgroup
containing XV must contain Γ.XV = X by Lemma 1.2. 
Corollary 3.7. Suppose that r = r(X) > 0 and that H is any finite group with at
most r generators. Then there exists a normal genuine non-congruence subgroup N
of X of level A with
X/N ∼= H.
When r(X) = 0 there need not be any non-congruence subgroups of level A. Con-
sider, for example, the case where (g, δ) = (0, 1). Then A = k[t], a euclidean ring.
In this case then ∆(A) = Γ and XV = X .
On the one hand, Lemmas 2.5, 2.6 provide necessary conditions for a non-congruence
subgroup to be not genuine. On the other hand, Corollary 3.7 enables us to show
that these conditions are not sufficient.
Example 3.8. We provide a simple illustration of Corollary 3.7. Consider one
of the many G with r(G) ≥ 4. Let p be any prime A-ideal. Then, by Lemma 1.2,
G/Γ (p) ∼= SL2(A/p)⋊ k∗.
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Now A/p is a field Fq′, for some power q′ of q, and so SL2(A/p) is generated by all
T (a) and T (a)T . Let λ be a generator of F∗q′. Then G/Γ (p) is generated by T (1),
diag(λ, λ−1), diag(µ, 1), where µ generates k∗ and
[
0 −1
1 0
]
. (Recall that every
element in a finite field is a sum of 2 squares.) Then there exists N E G, with
GV ≤ N , such that
G/N ∼= G/Γ (p).
In some cases, of course, the rank restriction here can be weakened. For example,
if q′ = q, the group G/Γ (p) is 3-generated. And if A/p ∼= Fp, a prime field, then
Γ/Γ (p) ∼= SL2(Fp) is even 2-generated (as a quotient of SL2(Z)).
4. Some immediate criteria for being genuine
In this section we show that sometimes the index of a subgroup in itself can show
that it is genuine non-congruence.
Proposition 4.1. Let N be a proper normal subgroup of index n in G, where
gcd(n, q) = 1. Suppose further that there exists S ≤ N such that
S ∼= k∗ × k∗.
Then N is a genuine non-congruence subgroup of G.
Proof. Clearly ∆(A) ≤ Ψ (N) for any automorphism Ψ of G. By Maschke’s theorem
applied to (the abelian group) Ψ (S), there exists g ∈ GL2(K) such that
gΨ (S)g−1 = D,
where D is the set of all diagonal matrices in GL2(k). Hence Ψ (N).Γ = G and so
Ψ (N) is a non-congruence subgroup of G by Corollary 1.3. 
Remark 4.2. If q is even or if n > 2, the condition S ≤ N in Proposition 4.1
can be replaced by Z ≤ N as then Z ≤ Ψ (N) for any Ψ ∈ Aut(G). However, it is
not clear whether conditions like det(N) = k∗ or N.Γ = G would suffice, as their
behaviour under Ψ is not obvious.
The version of Proposition 4.1 for Γ is simpler.
Proposition 4.3. Let N be a proper normal subgroup of index n in Γ , where
gcd(n, q) = 1. Then N is a genuine non-congruence subgroup of Γ .
The following two results are easy conclusions of Lemmas 2.5 and 2.6.
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Proposition 4.4. Suppose that q > 3 and that N is a normal subgroup of index
n in G, where n ∤ (q − 1). If |PSL2(Fq)| ∤ n, then N is a genuine non-congruence
subgroup of G.
Proposition 4.5. Suppose that q > 3 and that N is a proper normal subgroup of
index n in Γ . If |PSL2(Fq)| ∤ n, then N is a genuine non-congruence subgroup of Γ .
Note that Propositions 4.4, 4.5 hold in particular if gcd(n, q) = 1 or gcd(n, q±1) = 1.
The restrictions on q are necessary. When q = 2, 3 and A = k[t] it is well-known
that X has normal congruence subgroups of index q. Moreover it is known [MS1,
Lemma 3.1] that for these cases X has non-congruence subgroups of index q which
are not genuine.
Notation. For the case where a group H has proper finite index subgroups, we
denote by m(H) (> 1) the smallest index of such a subgroup.
It is a classical result (originally due to Galois) that m(SL2(Fq)) = q + 1 for q > 11
and q = 4, 8. Otherwise this index is q unless q = 9 in which case it is 6.
For non-normal subgroups of Γ we can now prove the following.
Proposition 4.6. Suppose that q > 3 and that H is a proper subgroup of Γ for
which
|Γ : H| < m(SL2(Fq)).
Then H is a genuine non-congruence subgroup of Γ .
Proof. Let S = SL2(Fq). Then, for each g ∈ Γ ,
|S : S ∩Hg| ≤ |Γ : Hg|.
It follows that S ≤ Hg, and hence that S is contained in the core of H . By [MS3,
Lemma 3.2] this implies ∆(A) ≤ H . By Corollary 1.3, H then is non-congruence.
We can repeat the argument with Ψ (H), for all Ψ ∈ Aut(Γ ). 
5. The minimum index of a genuine non-congruence sub-
group
The first two of the following appear in [MS1] and [MS2].
Definitions.
(i) ncs(X) = min{|X : S| : S ≤ X, S noncongruence}.
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(ii) nncs(X) = min{|X : S| : S ≤ X, S normal, noncongruence}.
(iii) gncs(X) = min{|X : S| : S ≤ X, S genuine noncongruence}.
(iv) ngncs(X) = min{|X : S| : S ≤ X, S normal, genuine noncongruence}.
In [M4], [MS1], [MS2] we determined ncs(Γ ) in all cases, and also nncs(Γ ) [MS2,
Theorem 6.2]. In this section we evaluate ngncs(X) and gncs(X) in all but finitely
many cases. It is clear that ngncs(X) ≥ nncs(X) and that gncs(X) ≥ ncs(X).
An immediate consequence of Corollary 3.7 is the following.
Theorem 5.1. Suppose that r(X) > 0. Then
ngncs(X) = gncs(X) = nncs(X) = ncs(X) = m(X) = 2.
Theorem 5.1 also holds for some but not all rank zero cases, which are listed in
Theorem 3.5. For the remainder of this section we consider the cases (g, δ) =
(1, 1), (0, 3) in detail. We recall from [MS4] the possible structures of the stabilizers
in any G of the vertices of T . For any v ∈ vert(T ) it is known that one of the
following holds
(a) Gv ∼= GL2(k) or F∗q2 .
(b) Gv ∼= k
∗ ×N ,
(c) Gv/N ∼= k
∗ × k∗,
where N ∼= V +, the additive group of a finite dimensional k-space V . See [MS4,
Corollaries 2.2, 2.4, 2.7]. We require the following.
Lemma 5.2. Suppose that (g, δ) = (1, 1) or (0, 3). Then there exist subgroups
P, Q of G such that
G = P ∗
Z
Q,
where
(i) GL2(k) ≤ P ,
(ii) det(Q) = k∗.
Proof. We recall from Theorem 3.5 that in both cases G\T is a tree. Let T0 be a lift
of G\T with respect to the natural projection of T onto G\T . Hence, by definition,
T0 is a subtree of T isomorphic to G\T . It is known that there exists e ∈ edge(T0)
for which
Ge = Z.
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The edge e naturally partitions the vertices of T0 into V1, V2, say. Let P =
〈Gv : v ∈ vert(V1)〉 and Q = 〈Gv : v ∈ vert(V2)〉. Then from standard Bass-Serre
theory [Se, p.42]
G = P ∗
Z
Q.
We can choose T0 so that there exists v ∈ vert(V1) for which
Gv = GL2(k).
In addition there exists v ∈ vert(V2) for which Gv is of type (a) or (c). From the
descriptions of the matrices in the stabilizers of these types given in [MS4, Theorems
2.1, 2.6] it is clear that in either case
det(Gv) = k
∗.
(For stabilizers of type (a) we require the fact that the norm map NL/k, where
L = Fq2, is surjective.)
For the elliptic case (g, δ) = (1, 1) we can choose T0 so that the assertions hold.
See Takahashi’s paper [T], in particular [T, Theorems 3, 5].
For the case (g, δ) = (0, 3) a detailed description of T0 is given in [M5, Theorem
2.26] (for the case d = 3). The edge with trivial stabilizer is, in the notation of [M5],
the one joining Λ¯0 and Λ¯1[1]. It turns out we can choose T0 so that the stabilizer of
Λ¯0 is GL2(k) and that all other stabilizers of the vertices of T0 are of type (c). 
(a) The elliptic case (g, δ) = (1, 1).
(i) Suppose that 4|q. Then r(Γ ) = r(G) = 0. By [MS2, Theorem 5.5] and Proposi-
tion 4.3
ngncs(Γ ) = m(Γ ) = p′,
where, with two exceptions, p′ = 3. For the exceptional cases (when q = 4) p′ = 5.
Take M E Γ with |Γ : M | = p′ and let N = Z.M . Then, since Z.Γ = G it
follows that N EG and that |G : N | = p′. By Proposition 4.1 and Remark 4.2 N is
a normal genuine non-congruence subgroup of G. So ngncs(G) ≤ p′.
Now let H be any subgroup of G with |G : H| < p′. Then |Γ : H ∩ Γ | < p′, and
hence Γ ≤ H . We conclude then that, when 4|q,
ngncs(G) = p′.
With the two above exceptions ngncs(G) = m(G) = 3. For the two exceptional
cases (when q = 4) we have ngncs(G) = gncs(G) = 5 and m(G) = 3. The subgroup
attaining the latter bound is (the congruence subgroup) Γ .
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(ii) Suppose now that q is odd. From the rank formulae ([G1] or see [MS1, p.33])
it follows that here r(Γ ) = q and so Theorem 5.1 applies here for the case X = Γ .
However r(G) = 0. With the notation of Lemma 5.2 we define an epimorphism φ
from G to {±1} by
φ(g) =
{
1 , g ∈ P
(det(g))
q−1
2 , g ∈ Q
Hence there exists N E G, containing GL2(k) for which |G : N | = 2. By Proposition
4.1 therefore in this case
ngncs(G) = m(G) = 2.
We summarize the results for this case.
Theorem 5.3. Suppose that (g, δ) = (1, 1) and that q 6= 2.
(i) If q is odd
ngncs(X) = gncs(X) = m(X) = 2.
(ii) If 4|q then with two exceptions
ngncs(X) = gncs(X) = m(X) = 3.
For each of the exceptional cases q = 4 and
ngncs(X) = gncs(X) = m(Γ ) = 5, m(G) = 3.
Remark 5.4. Less precise results appear to hold for the elliptic case when q = 2.
When q = 2 it is known [MS1, Lemma 3.1(i)] that, for any A,
ncs(A) = 2.
If A is of elliptic type and has not more than two prime ideals of degree 1 (in other
words, if the underlying elliptic curve has at most 3 F2-rational points), then by
Takahashi’s results [T, Theorem 5] GL2(A) has a free factor Z/3Z. Consequently,
GL2(A) has a normal subgroup of index 3, which by Proposition 4.3 must be genuine.
So in this case
2 ≤ gncs(G) = ngncs(G) ≤ 3.
We decide the most interesting case [Se, 2.4.4, p.115].
Example 5.5. Let
A = F2[x, y] with y2 + y = x3 + x+ 1.
Then A has no prime ideals of degree 1. So by Lemma 2.5 every subgroup of index
2 is a genuine non-congruence subgroup.
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(b) The case (g, δ) = (0, 3), q 6= 2.
(i) Suppose that 4|q. It follows from [MS2, Theorem 4.7, Theorem 6.2] and Propo-
sition 4.3 that
ngncs(Γ ) = m(Γ ) = p′
where p′ is the smallest prime dividing q− 1. Taking M E Γ with |Γ :M | = p′ and
considering the subgroup Z.M it can be shown as in (a)(i) above that
ngncs(G) = m(G) = p′.
(ii) Suppose that q is odd. Then as in the elliptic case from Lemma 5.2 it follows
that
ngncs(G) = m(G) = 2.
We summarize the results for this case.
Theorem 5.6. Suppose that (g, δ) = (0, 3) and that q 6= 2. Then
ngncs(X) = gncs(X) = m(X) = p′,
where p′ is the smallest prime dividing q − 1.
6. The case A = Fq[t]
Finally we look at the most important case (g, δ) = (0, 1), that is, A = Fq[t]. For
most aspects of Drinfeld modular curves this is the case that is by far the best
understood. Ironically, for this case we don’t know ngncs(G) exactly and can only
give lower bounds.
Theorem 6.1. Let A = Fq[t] with q > 3 and let N be a normal genuine non-
congruence subgroup of Γ . Then |Γ : N | is divisible by q|PSL2(Fq)|. In particular
ngncs(Γ ) > nncs(Γ ) = |PSL2(Fq)|.
Proof. Actually, the index of any proper normal subgroup of Γ is divisible by
|PSL2(Fq)|. Namely, by [MS3, Lemma 3.2] we either have ql(N) = A (and hence
N = Γ ) or N ∩ SL2(Fq) ≤ {±I2}. In the latter case SL2(Fq)/(N ∩ SL2(Fq)) is a
subgroup of Γ/N .
So we only have to show that q2 divides |Γ : N |. Assume not. Since A/ ql(N) is
a subgroup of Γ/N , this implies that ql(N) has codimension 1 (or 0) in A. From the
previous paragraph we already know that T (1) /∈ N , that is, 1 /∈ ql(N). Hence there
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exists a non-standard automorphism Φ of Γ with ql(Φ(N)) = tA. But ∆(t) = Γ (t)
([M1, Corollary 1.4]); so Φ(N) is a congruence subgroup. 
The corresponding result for q ≤ 3 requires a little bit of preparation.
Lemma 6.2. Let q ≤ 3 and A = Fq[t]. Denote the commutator group of Γ by
Γ ′.
(i) Γ ′ is the normal subgroup of Γ generated by the unique subgroup of order q2−1
of SL2(Fq).
(ii) If N is a normal subgroup of Γ containing Γ ′, then Γ/N is naturally isomor-
phic to A/ ql(N).
(iii) If N is a normal subgroup of Γ with 1 ∈ ql(N), then N contains Γ ′.
Proof. For q ≤ 3 the commutator of SL2(Fq) is its unique subgroup P of order
q2 − 1. So Γ ′ contains the normal hull of P . For the converse we use Nagao’s
Theorem
Γ = SL2(Fq) ∗
SB(Fq)
SB(A),
where SB(R) = B2(R) ∩ Γ . See for example [Se, p.88]. From this we see that the
quotient of Γ by the normal hull of P is T (A). This proves (a) and (b).
Part (c) follows from the simple fact that the normal subgroup of SL2(Fq) gen-
erated by T (1) is SL2(Fq) itself. 
Theorem 6.3. Let A = Fq[t] with q ≤ 3 and let N be a normal genuine non-
congruence subgroup of Γ . Then q2 divides |Γ : N |. In particular
ngncs(Γ ) > nncs(Γ ) = q.
Proof. If 1 /∈ ql(N), the proof is exactly the same as for Theorem 6.1.
If 1 ∈ ql(N) and q2 ∤ |Γ : N |, then by Lemma 6.2 necessarily Γ ′ ≤ N and
|Γ : N | = |A : ql(N)| = q. Then there exists an Fq-vector space automorphism φ
of A (with corresponding non-standard automorphism Φ) such that φ(1) = 1 and
φ(ql(N)) = t(t− 1)A⊕ Fq. So Φ(N) has level t(t− 1)A (and still contains Γ ′).
To finish the proof we verify that Φ(N) is a congruence subgroup by showing
∆(t(t− 1)).Γ ′ = Γ (t(t− 1)).Γ ′.
It is well-known that
Γ/Γ (t(t− 1)) ∼= SL2(A/(t))× SL2(A/(t− 1)).
Under this isomorphism
(Γ (t(t− 1)).Γ ′)/Γ (t(t− 1)) ∼= SL2(Fq)′ × SL2(Fq)′.
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It follows that
|Γ : Γ (t(t− 1)).Γ ′| = q2 = |Γ : ∆(t(t− 1)).Γ ′|,
which proves the claim. 
Theorem 6.4. Let N be a normal genuine non-congruence subgroup of G =
GL2(Fq[t]). Then |G : N | is divisible by{
q|PGL2(Fq)| = q4 − q2, if q > 3,
q2, if q ≤ 3.
In particular,
ngncs(G) > nncs(G).
Proof. First of all, |G : N | is divisible by |Γ : N ∩Γ |, which is bigger than 1 unless
Γ ⊆ N . If q > 3, then, as explained earlier, |Γ : N ∩ Γ | is divisible by |PSL2(Fq)|.
So |G : N | ≥ q
3−q
2
, and hence |G : ZN | ≥ q(q+1)
2
> q − 1. In particular, ZN does
not contain Γ .
Now GL2(Fq) ∩ ZN is a normal subgroup of GL2(Fq). But from the proof of
Theorem 6.1 we know that SL2(Fq)∩ZN = {±I2}. This leaves only the possibility
GL2(Fq) ∩ ZN = Z. So
GL2(Fq)/(GL2(Fq) ∩ ZN) ∼= PGL2(Fq)
is a subgroup of G/(ZN). This shows that |G : N | is divisible by q3 − q if q > 3.
Now assume that q2 does not divide |Γ : N ∩ Γ |. By the proofs of Theorems
6.1 and 6.3 then there exists a non-standard automorphism Φ of Γ that maps N to
a congruence subgroup. By defining Φ to act as identity on diagonal matrices, Φ
extends to a non-standard automorphism Φ of G. As Φ(N) contains a congruence
subgroup, N is not genuine.
To prove the last claim we exhibit a normal congruence subgroup of small index
in G and quasi-level tA. By a suitable non-standard automorphism this group can
then be mapped to a normal (non-genuine) non-congruence subgroup of the same
index.
If q > 3 we can take Z.Γ (t), which has index |PGL2(Fq)|. If q = 2, then G = Γ
anyway, and Theorem 6.3 applies. Finally, if q = 3 we observe that the 2-Sylow
subgroup of SL2(F3) is normal in GL2(F3). Taking its inverse image under the (in
this case surjective) natural map G→ GL2(A/(t)), we obtain a normal subgroup of
index 6. 
Remark 6.5. More precisely, Theorems 6.1, 6.3 and 6.4 show that in order for
a normal subgroup N to have a chance of being genuine ql(N) must have at least
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codimension 2 in Fq[t], and hence X/N must contain a subgroup isomorphic to
Fq ⊕ Fq.
We finish with a partial result on not necessarily normal genuine non-congruence
subgroups.
Corollary 6.6. Let q = p a prime, i.e. A = Fp[t]. Then gncs(X) ≥ 2p, and
hence in particular gncs(Γ ) > ncs(Γ ).
Proof. Let N be the core of H in X . If |X : H| < 2p, then |X : N | divides
(2p − 1)! and is therefore not divisible by p2. So N cannot be genuine, and conse-
quently neither can be H . 
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